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Abstract. We give a description of the continuity ideals and the kernels of 
homomorphisms from the algebras of continuous functions on locally compact 
spaces into Banach algebras. 



1. Introduction 

Let 9 : A — > B be a homomorphism from a commutative Banach algebra A into 
a Banach algebra B. The continuity ideal of 9 is defined to be the ideal 

1(9) = {a E A : the map b i— > 9(ab), A — > B, is continuous} ; 

this ideal contains every ideal I in A on which 9 is continuous. Moreover, in the 
case where A = Co (ft), for a locally compact space ft, then 9 is continuous on 1(9). 

This is a continuation of [17] ■ Here, we aim to characterize the ideals which 
are the kernels or the continuity ideals of homomorphisms from Co (ft) into Banach 
algebras. This is, in some sense, a last piece of the picture of homomorphisms from 
Co (ft) into Banach algebras. So what do we know about these objects so far? 

Denoted by | • |q the uniform norm on ft. For brevity, we shall call a homomor- 
phism into a radical Banach algebra a radical homomorphism. 

It is a theorem of Kaplansky [15] that, for each algebra norm || • || on Co(ft) and 
each / 6 Co(ft), we have ||/|| > |/|o< This essentially gives the description of all 
continuous homomorphisms from Co (ft) into Banach algebras. It was immediately 
asked ;f5] whether discontinuous homomorphisms from Co (ft) exist. In 1970s, this 
question was resolved in the positive independently by Dales [3] and Esterle [5] , [5] , 
[10] . Moreover, they showed that, assuming the Continuum Hypothesis (CH), for 
each (non-compact) locally compact space ft and each non-modular prime ideal P 
in Co(ft) with |Co(ft)/-P| = c, there exists a radical homomorphism from Co(ft) with 
kernel precisely equal to P. (For more details see [5].) 

Preceding this resolution was Bade and Curtis's theorem [5] which shows that 
each discontinuous homomorphism from Co (ft) into a Banach algebra B can be 
decomposed into a sum of a continuous homomorphism and a finite number of 
discontinuous linear maps, each of which is a homomorphism into the radical of 
B when restricted to a maximal ideal of Co (ft). The following statement of the 
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theorem also includes some improvements from [8] and [H] (see also [5], [19]); see 
fj2]for notations. 

Theorem 1.1. Let be a locally compact space, and let 9 be a discontinuous 
homomorphism from Co(^) into a Banach algebra B. Suppose that 9(Cq(£1)) is 
dense in B. 

(i) The continuity ideal 2(8) is the largest ideal of Cq(£1) on which 9 is con- 
tinuous. 

(ii) There exists a non-empty finite subset {pi, . . . ,p n } of Q b such that 

n n 

pi j Pz ci(«) c f]M Pi . 

i=l i=l 

(iii) There exists a continuous homomorphism \x : Cq(Q) — ► B such that 

n 

B = /i(C (O)) radB, n(f) M Pi ) ■ radB = {0} , 

i=l 

and fi — 9 on a dense subalgebra of Cq(Q) containing T{9). 

(iv) Set v = 9 — /.t. Then v maps into rad-B, and the restriction of v to 
p|™ =1 M Pi is a homomorphism v 1 onto a dense subalgebra o/ rad-B such 
that 1(9) = keiV. 

(v) There exist linear maps v\,...,v n : Co(O) — > rad_B such that 

(a) v = v x H Yv n , 

(b) eac/i (1 < i < n) is a non-zero radical homomorphism, and 

(c) i4(C (fi)) ' Vj(Co(n)) = {0} for each I < i ^ j < n. 

(vi) The ideals ker9 and 1(9) are always intersections of prime ideals. □ 

In particular, this result emphasizes the roles of prime ideals and of radical 
homomorphisms as building blocks for general discontinuous homomorphisms from 
Cq(Q): If we know about the radical homomorphisms from Cq(£1) we will know 
about the homomorphisms from Co(£l) into Banach algebras. Dales and Estcrle's 
theorem shows how to construct radical homomorphisms from Cq(Q) with kernel 
being finite intersection of (non-modular) prime ideals. In fact, for some spaces f2, 
the kernels of radical homomorphisms from Cq(£1) are always finite intersections of 
prime ideals ([S], [TT]). 

However, in [17] , we show that for most metrizable non-compact locally compact 
spaces f2, for example R, there exists a radical homomorphism from Cq(Q) whose 
kernel is not the intersection of any finite number of prime ideals. 

In this paper, we shall show that the kernel of a radical homomorphism from 
Cq(Q) is always the intersection of a relatively compact family of (non-modular) 
prime ideals. We also prove that, assuming the Continuum Hypothesis (CH), under 
a minor cardinality condition, when restricted to those ideals that are intersections 
of countably many prime ideals, the kernels of radical homomorphisms from Co(fi) 
are exactly the intersections of relatively compact family of non-modular prime 
ideals in Cq(Q). Similar result holds for continuity ideals of homomorphisms from 
Co(O) into Banach algebras. (See SJS1) 

Remark. The Continuum Hypothesis is required in construction of discontinuous 
homomorphisms from Cq(£1) into Banach algebras, for it has been proved by Solovay 
and Woodin that it is relatively consistent with ZFC that all such homomorphisms 
are continuous (see [6] for the proof and references). 
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2. Preliminary definitions and notations 

Let A be a commutative algebra. The (conditional) unitization A# of A is 
defined as the algebra A itself if A is unital, and as A with identity adjoined 
otherwise. The identity of A# is denoted by e^. 

A prime ideal or semiprime ideal in A must be a proper ideal. However, we 
consider A itself as a finite intersection of prime ideals {the intersection of the 
empty collection of prime ideals). 

Define the prime radical y/1 of an ideal J in A to be the intersection of all prime 
ideals in A containing I, so that 

VT = {a S A : a" £ I for some n £ IN} . 

For each ideal I in A and each element a £ A# , define the quotient of I by a to 
be the ideal 

I:a = {b £ A : ab £ 1} . 

Clearly we have I C I:a in each case. 

Let / be an ideal in A& . A subset S of is algebraically independent modulo 
I if p(a\, ... ,a n ) £ I for each n £ IN, each non-zero polynomial p £ C[Ai, . . . , X n ], 
and each n-tuple (a\, . . . , a n ) of distinct elements of S. A transcendence basis for 
A# modulo / is a maximal set among all the subsets of A# which are algebraically 
independent modulo J; such a basis always exists. 

For an well-ordered set A, we denote by o(A) the ordinal that is order isomorphic 
to A. 

For the definition of universal algebras, see [51 Definition 5.7.8]. The important 
fact that we need is the existence of universal radical Banach algebras. For example, 
the integral domain iy 1 (]R + ,a;) is universal for each radical weight oj bounded near 
the origin [5j Theorem 5.7.25]. Indeed, the class of universal commutative radical 
Banach algebras has been characterized in [12] (see also [5[ Theorem 5.7.28]). 

Let B be a Banach algebra, and let S be an indexing set. Define £°°(S,B) to 
be the Banach algebra of all bounded families (b a : a £ S) in B under pointwise 
algebraic operations and the supremum norm. 

For a discussion of the theory of the algebras of continuous functions, see [5], [7] 
or [T3]. Here, we just give some facts which are needed in our discussion. 

Let f2 be a locally compact space; the convention is that locally compact spaces 
and compact spaces are Hausdorff. The one-point compactification of f2 is denoted 
by ffi . Denote by C C (Q) the algebra of compactly supported continuous functions 
on £1. For each p £ il, define 

J p = {/ £ Co(fl) : f is zero on a neighbourhood of p} , 
M p = {/eCo(fl) : f( P )=0}. 

For p being the point (at infinity) adjoined to f2 to obtain f2 b , we also set 

J p = C c (0) and M p = C (Q). 

For each prime ideal P in Co(tt), there always exists a unique point p £ Q b such 
that Jp C P C M p , we say that P is supported at the point p. It can be seen that 
P is modular if and only if its support point belongs to Q. 

It is an important fact that, for each prime ideal P in Co(fi), the set of prime 
ideals in Co(il) which contain P is a chain with respect to the inclusion relation. 
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For each function / continuous on Q, the zero set of / is denoted by Z(/). The 
set of zero sets of continuous functions on f2 is denoted by Z[0]. 
A z -filter T on Q is a non-empty proper subset of Z[f2] satisfying: 

(i) Zi n Z 2 belongs to P whenever both Z\ and Z 2 belong to P, 

(ii) if Zi G P, Z 2 £ Z[Q] and Zi C Z 2 , then Z 2 also belongs to J 7 . 

Each z-filter P corresponds to an ideal 

{/GC(fi): Z(/)gP}, 
denoted by Z _:L [P]; each such ideal is called a z-ideal. 

3. Relatively compact families of prime ideals 

In this section, let A be a commutative algebra. 

Definition 3.1 (cf. [17] Definition 3.1). An indexed family (Pj)^ e g of prime ideals 
in A is pseudo-finite if a G Pj for all but finitely many i G 5 1 whenever a £ lj i£ 5 Pj- 

For a pseudo- finite sequence (P„) of prime ideals, it is obvious that U«Li ^ s 
either a prime ideal in A or the whole A. 

Definition 3.2. A family £ of prime ideals in A is relatively compact if every 
sequence of prime ideals in £ contains a pseudo-finite subsequence. The family €. is 
compact if it is relatively compact and contains the union of each of its pseudo-finite 
sequence. 

Obviously, the union of finitely many pseudo-finite families is relatively compact. 
In the rest of this section, we shall justify our choice of terminology. 

Denote by II the set of prime ideals in A. For a%, a 2 , . . . , a m , and b in A, define 

Ul u ...,a m = {P e n : a, G P (1 < % < m) and b $ P} . 

Then the collection of all U h ai Qm 's is a base for a topology r. Indeed, by the 
primeness, we have 

^oi,...,o m ,ci,...,c„ — Mai,...,a m n ^ci,...,c„- 

Moreover, we claim that r is Hausdorff. For, let P\ ^ Pi £ II. If Pi (f_ Pi and 
P 2 t Pi, say a G Pi \ P 2 and b G P 2 \Pi, then Pi G P 2 € W b a , and W a 6 nW 6 a = 0. 
Otherwise, say Pi C P 2 , choose b £ P 2 \ Pi and c£ v4 \ P 2 , then Pi gWq, P 2 eW t c , 
andW b n^ b c = 0. 

Next, we c/aim that is r-compact (u £ A). Indeed, we see that {U™, U$ : a £ A} 
is a subbasis for the relative r-topology on Uq , so by Alexander's lemma, we need 
only to show that each cover of Uq by sets in this subbasis has a finite subcover. 
So, let E, F be subsets of A such that 

ui = |J u |J w b . 

Set S = {u m ai ■ ■ ■ a n : m, n £ IN, ai, . . . , a n G P}, and let / be the ideal generated 
by P. Assume toward a contradiction that 5fl / = 0. Then since S 1 is closed under 
multiplication, there exists a prime ideal P such that P D I and P n S — 0; this 
implies that P G Z^ 1 but P ^ U o£ b^ UU ieF W 6 , a contradiction. Thus, STU 7^ 0, 
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so there exist k, m, n G IN, a%, . . . , a m G E and bx, . . . , b n 6 F, and ci, . . . , c„ € A 
such that u fe ai • • • a m = b\C\ + ■ ■ ■ b n c n - We can then deduce that 

m n 

»=i j=i 

Thus r is locally compact. 

The one point compactification of (II, r) can be considered as the set II U {A}; 
a basis of neighbourhood for A is given by 

Ub u -,bn ={A}U{PeU: b t e P (1 < i < n)} . 

Proposition 3.3. Let A be a commutative algebra. Denote by II the set of prime 
ideals in A. Define a topology t as above. Then (II, r) is a totally disconnected 
locally compact space, and every [relative] compact family of prime ideals in A is a 
[relatively] sequentially T-compact subset of II U {A}. 

Proof. It remains to prove the last assertion. We claim that a pseudo-finite sequence 
(P n ) of prime ideals in A is r-convergent in II U {A}. In fact, set P = U^Li Pn- 
Then either P € II or P = A. In both cases, we can check that (P n ) r-converges 
to P. □ 

Remark. Suppose that A is unital. Then II = Uq A , and so (II, r) is compact. In 
the above proposition, we can replace (II U {A} , r) by (II, r). 

Remark. Suppose that A — Cq(Q) for some locally compact space f2. Then for each 
pseudo-finite sequence (P n ) of prime ideals in Co(fl), the union UnLi i s m f ac t a 
prime ideal in Cq(Q). Again, in the above proposition, we can replace (II U {A} , r) 
by (n,r). 

Remark. Let us instead consider a topology a on II U {A} generated by 
U a 1 ,...,a m = { p G n U {A} : P C Q and Oj G P (1 < i < m)} , 

where Q is either a semiprime ideal in A or A itself, and a%, . . . , a TO G Q. Then 
a sequence of prime ideals in A is pseudo-finite if and only if it is convergent in 
(n U {^4} ,er), and so a family of prime ideals in A is [relatively] compact if and 
only if it is [relatively] sequentially compact in (II U {^4} , a). However, in general, 
a is neither Hausdorff nor locally compact. In the case where A — Co(&Y), then 
(II U {A} , a) is Hausdorff (but not locally compact). 

4. Abstract continuity ideals and relatively compact families of 

prime ideals 

Let 9 : A — > B be a homomorphism from a commutative Banach algebra A into 
a Banach algebra B. Let [a n : n € IN) be a sequence in A. Then 

l{Q):a\a 2 • • ■ a n C l(8):aia 2 ■ ■ ■ a n+ i (n e IN). 

It follows easily from the stability lemma (see [5j 5.2.7] or [19l 1.6] for the statement 
and proof) that there exists hq such that 

2(0):aia 2 ■ ■ ■ a n = X(9):aia 2 ■ ■ ■ a n+ i (n > n ). 

Thus 1(9) is an abstract continuity ideal in the following sense. 
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Definition 4.1. Let A be a commutative algebra. An ideal / is an abstract conti- 
nuity ideal if, for each sequence (a n ) in A, there exists no such that 

r.aia 2 ■ ■ ■ a n — L:a\a 2 ■ ■ ■ a n+i (n > n Q ). 

Proposition 4.2. Let *P be a relatively compact family of prime ideals in a com- 
mutative algebra A. Then p| {P : P G *P} is an abstract continuity ideal in A. 

Proof. Denote by I the intersection p| {P : P G ?p}. Assume toward a contradiction 
that I is not an abstract continuity ideal. Then there exists a sequence (a n ) in A 
such that 

P.aia 2 ■ ■ ■ a n C p.aia 2 ■ ■ ■ a n +i (n G IN). 
For each n, we see that 

Lai ■ ■ ■ a n = p| {P G V : ox • • • a n $ P} . 

Thus, it follows that, there exists P„ £ such that a± ■ ■ ■ a n (£ P n but <X\ ■ ■ ■ a„+i G 
P n . The relative compactness implies that there exists n\ < n 2 < ■ ■ ■ such that 
(P n< ) is pseudo-finite. However, we see that a± ■ ■ -a„ 2 G P ni , but a\ ■ ■ ■ a n2 ^ P n< 
[i > 2); this contradicts the pseudo-finiteness. □ 

The remaining of this section is devoted to a converse of the above proposition. 
Let I be an abstract continuity ideal of a commutative algebra A. Denote by the 
set of prime ideals of the form I:a for some a £ A. The following is a modification 
of P21 4.3]. 

Lemma 4.3. For each cardinal k < |^3|, there exists a sub-family Q C ^3 with the 
properties that \Q\ > k and that \{P G Q : a ^ P}\ < k for each a G (J {P : P(zG}- 

Proof. For each a G A U {e^}, let ^p a be the set of prime ideals of the form L:ab 
for some b £ A. We daim that there exists do G A U {e^} such that |?p ao | > k and 
such that, for each a G A, either |^p oo a| < K or L-.a^a = L:oq. Indeed, assume the 
contrary. Then, since |*p e A | > k, by induction, there exists a sequence (a n ) C A 
such that |5Pai— a n | > K an d such that 

L:ai ■ ■ ■ a n C I:ai ■ ■ ■ a„+i (n G IN). 

This contradicts the definition of an continuity ideal. Hence the claim holds. 

Put Q — tyao', this obviously satisfies \Q\ > k. Suppose that a £ A and that 
Q' = {P G Q : a £ P} has cardinality at least n. Then, for each P G G' , because 
a P we have P:a = P. Thus Q' C % ao a , and hence |^Pa a| > K. Therefore, by 
the claim, we must have L:aoa = Imq. We now show that Q' = Q . Assume towards 
a contradiction that Q' ^ G, and let P G Q \ G', say P = I:a$ai for some ai G A. 
Then, since a G P we have ai G L:a$a = L:ao, so that aoai G /. This implies that 
P = A, a contradiction. This proves that G has the desired property. □ 

Lemma 4.4. \fl is the intersection of the prime ideals in *p. 

Proof. This is based on the commutative prime kernel theorem due to Sinclair (see 
[U Theorem 5.3.15] or [HI Theorem 11.4]). The proof of TH Lemma 4.1] works 
almost verbatim. □ 

Lemma 4.5. Every element in *}3 contains a minimal element. 
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Proof. Assume toward a contradiction that there exists (P n = I:f n ) C *P such that 

Pi 2 P2 2 • • • 2 ^ 2 • • • ■ 

For each n, choose a n G A such that a„ G P„\P„ + i. Then we see that a\ ■ ■ ■ a n f n G 
J but 01 ■ ■ ■ ffln/n+i ^ P Thus 

I:a\a 2 ■ ■ ■ a n C I:a\a 2 ■ ■ ■ a n+1 (n G IN); 
a contradiction to / being an abstract continuity ideal. □ 

Lemma 4.6. Let P &e m ^. T/ien t/iere ermfc a £ P but a e Q for all Q G *p 
smc/i £/iat Q P. 

Proof. Assume the contrary. Pick ai ^ P. Suppose that we have already picked 
ai , . . . , a„ ^ P. By the assumption, we can find Q„ € *P such that a± . . . a n (£ Q n 
and Q n <£_ P. We can then choose a n+ \ e Q n \P. The induction can be continued. 
We see that (a„), (Q n ) constructed satisfy a\...a n £ Q n but a\...a n+ \ G Q„ 
(n G IN). Let Q„ = P/n- Then we see that f n G l:a\a 2 ■ ■ ■ a n+ i \ L:a\a 2 • • • a n ; a 
contradiction to / being an abstract continuity ideal. □ 

Lemma 4.7. Let {P a : a £ S} be a subfamily ofty. Then f] aeS P a is also an 
abstract continuity ideal. 

Proof. Assume the contrary. Then there exists (o„) such that 

(f] a es p c) :a i a 2 ■■■a n C z (f| Qe s p «) :a i a 2 ' ' - ffl n+i {n e IN). 

For each n, choose b n e A such that oi • • • a n b n $ C\ a es Pa but 

P| q£S P a . Then choose a„e5 such that a\ ■ ■ ■ a n b n £ P a „- We have P an = P/ a „ 

for some f an G A. We see that oi • • • a n b n f an ^ / but a\ ■ ■ ■ a n+ ib n f an G I. Thus 

I:a\a 2 ■ ■ ■ a n C I:a\a 2 ■ ■ ■ a n+1 (n G IN); 

a contradiction to / being an abstract continuity ideal. □ 

Lemma 4.8. Let J be a semiprime ideal in A. Let a,b G A be such that J:a and 
J:b are prime ideals. Then the following are equivalent: 

(a) J:a C J:b, 

(b) ab £ J, 

(c) J:a = J:b. 

Proof. (a)=>(b): Since J is semiprime and J:b is a proper ideal in A, we see that 
b £ J:b. So b £ J:a, and therefore ab £ J. 

(b)=>(c): Condition (b) implies that a £ J:b. Let / G J:a. Then fa € J C J:6, 
and so, by the primeness of J:6, / G J:6. Thus J:a C J:b. Similarly, we have 
J:bcJ:a. □ 

Remark. In the case where L is semiprime, the above lemma shows that, for each 
P = L:a G P is minimal in and a ^ P but a G Q whenever Q G *P \ {P}. 

We can now state the main result of this section. 

Theorem 4.9. Let I be an abstract continuity ideal of a commutative algebra A. 
Denote by <Po the set of minimal ideals among the prime ideals of the form L:a for 
some a G A. Then: 

(i) VT = n{P:Pe < Po}; 

(ii) ?Po is a relatively compact family of prime ideals. 
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Proof. The first assertion follows from Lemmas 14.41 and 14.51 

For the second one, let (P„) C tyo- Set J = H^Li-fn- By Lemma [4.6[ there 
exists a n £ Hj/n \ ^ni an d so -^n — J:a n - Let a S A be such that J:a is a prime 
ideal. We claim that J:a € {-?»}• Indeed, we see that a £ J, and thus a £ P no for 
some no- So, aa no ^ J. By Lemma T4.81 we deduce that J:a — P no . 

It then follows from Lemmas 14.71 and 14.31 (applied to J) that (P n ) must have a 
pseudo-finite subsequence. □ 

Corollary 4.10. Let 9 : A — > B be a homomorphism from a commutative Banach 
algebra A into a Banach algebra B. Then y/T(0) is the intersection of a relatively 
compact family of prime ideals of the form I{6):a for a £ A. □ 

Lemma 4.11. Let L be an abstract continuity ideal ofCo(tt) for a locally compact 
space Q. Then I is either a semiprime ideal or the whole ofCo(tt). 

Proof. The proof is the same as the proof that the continuity ideal of a discontinuous 
homomorphism from Cq(Q) into a Banach algebra is semiprime ([5], [IB], cf. [5J 
Theorem 5.4.31]). □ 

Corollary 4.12. Let SI be a locally compact space. 

(i) Let L be an abstract continuity ideal in Co(fi). Denote by *p the set of 
prime ideals of the form L:f for some f £ C${£l). Then: 

(a) / HI/': V\: 

(b) *P is a relatively compact family of prime ideals. 

(ii) Conversely, letty be a relatively compact family of prime ideals inCo(fl). 
Then f] {P : P £ ?P} is an abstract continuity ideal in Cq(Q). □ 

Corollary 4.13. Let VI be a locally compact space. Then each homomorphism 
from Cq(Q) into a Banach algebra is continuous on the intersection of a relatively 
compact family of prime ideals of the form T(ff):f for f € Cq(SI). □ 

5. More properties of relatively compact families of prime ideals 

In this section, let be a locally compact space, and let *}3 be a non-empty 
relatively compact family of prime ideals in Co(^). Denote by £3 the collection of 
all the ideals that are unions of countably many ideals in ^p. We call Q the closure 
of ^P; we shall show that it is indeed the smallest compact family of prime ideals 
containing *p. 

Note that an ideal in is automatically prime in Co(fl), and that the union of 
each pseudo-finite sequence of prime ideals in Co(fl) is again a prime ideal in Cq(H) 
(see the next lemma). 

Lemma 5.1. The union of finitely many prime ideals in Cq(SI) is either one of the 
given prime ideal or not an ideal. The union of countably many prime ideals in 
Cq(Q) is not equal Cq(Q). 

Proof. We prove the second clause only; the proof of the first one is similar. Let 
P n (n £ IN) be prime ideals in Co(fl). Choose /„ £ Cq(Q) \ P n . We can assume 
that < f n < 2~ n . Set / = XT=i fn- Then / £ C Q {VL) but / ^ P n (n £ IN) since 
f>fn- ' □ 

Lemma 5.2. Each chain in is well-ordered with respect to the inclusion; that is, 
each non-empty chain in has a smallest element. 
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Proof. Assume the contrary, then we can find an infinite chain ■ • • C Q n C • • • C Qi 
in 0. For each n, choose P„ £ <P such that P n C Q n but P n <£_ Q n +i- By 
the relative compactness of *p and without loss of generality, we can assume that 
(P n : n £ IN) is a pseudo-finite sequence. Set Q — U^Li Pn- Then Q £ 0, and for 
each n£l, either Q n C Q or Q C Q n . Since P„_i (Z! Q n , we must have Q n C Q 
(n > 2). Choose a G Q2 \ Qz- Then a ^ Q n , and so a ^ P n (n > 3). However, 
a G Q = U^Li ^n- This contradicts the pseudo-finiteness of (P„). □ 

Lemma 5.3. is compact. 

Proof. Let (Q n ) be a sequence in 0. Let P„ € ?P such that P n C Q n . We can find 
a pseudo-finite subsequence (P ni )', the union of which is denoted by Q. We have 
either Q ni C Q or Q C Q ni . If there are infinitely many Q ni contained in Q, then 
those Q ni form a pseudo-finite sequence. On the other hand, if there are infinitely 
many Q ni containing Q, then those Q ni form a chain, and the previous lemma 
enable us to find an increasing sequence of ideals. Thus is relatively compact. 
The result then follows from the definition of 0. □ 

Lemma 5.4. is the set of unions of pseudo-finite sequences of ideals in ty. 

Proof. We need only to prove that each ideal Q € is the union of a pseudo-finite 
sequence in <p. For this purpose, we only need to consider the case where ?P is 
countable and that Q is the largest ideal in 0. It is easy to see that, in this case, 
any chain in is countable. 

Case 1: Q is the union of a chain of ideals in \ {Q}. By the countability and 
well-ordering of the chain, there exist Q\ C Q 2 C • • • C Q such that Q = U^Li Qn- 
For each n, choose P n <G ^ such that P n C Q n +i but P n <£_ Q n . By the relative 
compactness of ^P, we can choose a pseudo- finite subsequence (P ni ) with union Q' . 
Then Q' C Q, and for each i > 2, either Q ni C Q' or Q' C Q ni . Since P ni (£_ Q n ., 
we must have Q„ t cQ' (i > 2). Thus Q = Q' . 

Case 2: Q is not the union of any chain of ideals in \ {Q}. Then any P G 
0\{Q} is contained in a maximal element of 0\{Q}. Since Q cannot be the union 
of any finite number of prime ideals properly contained in Q, either = {Q} which 
implies that Q e or there exists infinitely many maximal elements of \ {Q}. 
In the latter case, let Q n (n £ IN) be distinct maximal elements of 0\ {Q}. Choose 
P n £ *P such that P n C Q n . By the relative compactness of *p and without loss 
of generality, we can assume that (P„ : n £ IN) is a pseudo-finite sequence. Set 
Q' = LC=i p n- Thcn Q' e 0, Q' C Q, and for each n £ IN, cither Q n C Q' or 
Q' C Q n - The maximality and distinction of Q„'s imply that Q' C Q„ for at most 
one n S IN. The maximality of Q„'s again implies that Q' = Q. 

In both cases, we see that Q is the union of a pseudo-finite sequence in *p. □ 

Summary; note that the property (iii) is indeed a consequence of (ii): 

Proposition 5.5. satisfies the following: 

(i) is the set of unions of pseudo-finite sequences of ideals in *P; 

(ii) is compact; 

(iii) each chain in is well-ordered; 

(iv) n<P = na □ 
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From (i), we see that is the smallest compact family of prime ideals containing 
ty. Property (hi) also shows that the intersection of is equal the intersection of 
its minimal elements. 

In the remaining of the section, we consider to be any compact family of prime 
ideals in Co(Q). 

Lemma 5.6. Let P be in 0. Then there exists a (ji P but a £ Q for all Q £ 
such that Q (£ P. 

Proof. Assume the contrary. As in Lemma 14. 6[ we can construct (a„) C A, 
(Qn) C satisfying a% . . . a n ^ Q n but a\ . . . a„+i <E Q n (n £ IN). By the compact- 
ness, (Q n ) has a pseudo-finite subsequence (Q ni )- However, a\ . . .a 7l2 £ Q ni but 
a\ . . . a n2 ^ Q ni (i > 2); a contradiction to the pseudo-finiteness. □ 

We say that an ideal Q is a roof of if it is the union of the ideals in a maximal 
chain in 0. A roof must be either a prime ideal in Co(^) or Co(£l) itself. 

Lemma 5.7. has only finitely many roofs. Also, there are only finite many 
maximal modular ideals in Co(O) such that each of them contains an ideal in 0. 

Proof. We shall prove that there can be only finitely many disjoint maximal chains 
in \ {Co(fl)}; the lemma then follows. Assume the contrary that £„ (n £ IN) are 
disjoint maximal chains in \ {Co(^)}- Pick Q n £ € n . Without loss of generality, 
we can suppose that (Q n ) is pseudo-finite; the union is denoted by Q. We see that 
Q £ 0\ {Co(^)}, and so Q £ £„ (n £ IN), contradicting the disjointness of €„'s. □ 

The following lemma and proposition are based on a suggestion of an anonymous 
referee of an initial version of our previous paper. 

Lemma 5.8. Suppose that is a compact family of prime ideals in Cq(£1) with 
only one maximal element Q. Set I — f]Q.. Let a £ Co(fl) \ Q and let b £ Q. Then 
there exists s £ Q such that as — b £ L . 

Proof. It is standard that for each prime ideal PcQ there exists s £ Q such that 
as -b £ P. 

Assume toward a contradiction that for all s £ Q we have as — b^I. Set si = 0, 
b\ = b — asi = b, and 0i = {P £ : b\ ^ P}. Suppose that we have already 
construct s n £ Q , b n = b — as n , and 0„ = {P £ : b n ^ P} such that 

0„ £ ... C0l 

By the assumption, we have n ^ 0. Choose Po £ 0„. Since — y== £ Q. There 
exists s' £ Q such that as' 




b n+ i = b- as n+1 = [ - as' ) V \b„ 

\b n \ 

and 0„ + i = {P £ : b n+ i P}. We see that 0„+i C 0„. Thus the construction 
can be continued inductively. 

Choose P n £ 0„\0„+i for each n; then b m £ P n (m > n) but b m ^ P n (m < n). 
The compactness implies that there exists a pseudo-finite subsequence {P ni ) , whose 
union is denoted by P. For all j > 1, b n , £ P ni so, b n £ P. In particular, 6„ 2 £ P. 
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On the other hand, for all 2 < i, b n2 £ P Ui , and so 6„ 2 ^ P = Ui^2^»i> a 
contradiction. □ 

Proposition 5.9. Suppose that Q is a compact family of prime ideals in Co(f2) 
with only one maximal element Q. Set I = p|0. Let P £ Q, and let A be a 
subalgebra of Cq(Q). Suppose that Co(fi) = A + P and An P is the intersection of 
a sub-family of Q. Let B be a subalgebra of A such that B is maximal with respect 
to the property that B n Q C I . Then Cq(Q) = B + Q. 

Proof. Note that Q/I C radCo(fi)//; this follows from the previous lemma. Also 
that I C B, so indeed Bf~)Q = I. 

Claim: for each a £ A\Q and each b £ A n Q, i/iere exists s £ AnQ such that 
as — b£ I. Indeed, by the previous lemma, there exists s £ Q such that as — 6 £ I. 
Write s = c + p where c & A and p £ P. Then ap + (ac -d)e/ci implies that 
ap £ An P. Since a ^ Q and ^4 n P is the intersection of a family of prime ideals 
contained in Q, we must have p £ A n P. Thus s = c + pe^4n(5. 

The above claim shows in particular that (An Q)/I C xaAA/I. We shall prove 
that A/ 1 = B/I © (An Q)/I; the proposition then follows. 

Assume toward a contradiction. Let a £ A/I but a ^ B/I ® (in Q)/I- By the 
maximality of P, there exists a non-zero polynomial q(X) with coefficients in B/I 
such that q(a) £ Q/I. Let be such a polynomial with smallest degree. Then 

q'(a) ^ Q//, where q'(X) is the formal derivative. Let s £ Co(0)/J. Then 

g(a + <z» S ) = q(a) + q'{afs + ...+ q\a) n q^ (a)^-; 

where g^^AT) is the formal fc th derivative of <?(A). By the claim, there exists 
d£ (AC\Q)/I such that q(a) = q'(a) 2 d. So 




Since (A/ (A n P)) # = (C (^)/P) # is Henselian, there exist s € radA/7 such 
that 

s" 

d + s + ... + q'{a) n - 2 q (n \a)— £ (AnP)/I; 

n\ 

([5], Theorem 2.4.30 and Proposition 1.6.3). It follows that s £ (An Q)/I and 

q(a + q'(a)s) £ (AnP)/I. 

If we set b = a + q'(a)s, then b £ A/I but b <£ B/I®(AC\Q)/I, q(b) £ (AnP)/I, and 
q(X) is the smallest degree non-zero polynomial with coefficients in B/I such that 
q(b) £ Q/I. So without loss of generality, we can assume that q(a) £ (An P)/I. 

The case where q(a) £ (A n P)/I: Then d £ (An P)/I. Since C Q (Q)*/I is 
Henselian, there exist t £ radCo(f2)/7 such that 

j-n 

= d + t + ... + q'( a )"- 2 q(")(a) — . 

n\ 

Since (A n P)// is an ideal in C (O)/J, it follows that t e (A n P)/J. Set c = 
a + q'(a)t. Then c 6 i/P Q'(c) = 0, and q(X) is a non-zero polynomial with 
coefficients in B/I with the smallest degree such that q(c) £ Q/I. Let p(X) be 
any polynomial with coefficients in B/I such that p(c) £ Q/I. We see that there 
exist non-zero element u £ B/I and a polynomial h(X) with coefficient in B/I 
such that up(X) = q(X)h(X). Then up(c) — q(c)h(c) — 0, and since u £ Q/I, 
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we deduce that p(c) = 0. The maximality of B then implies that c € B/I, and so 
a = c — q'(a)t £ B/I + Q/I; a contradiction. □ 

A special case of the previous proposition is when A = Co(f2). 



6. The main results 

In this section, we shall show the connection between continuity ideals (as well 
as kernels) of honiomorphisms from Cq(Q) into Banach algebras and intersections 
of (relatively) compact families of prime ideals. One direction is an immediate 
consequence of the results in sectional so most of this section concerns the converse. 

We shall need some basic complex algebraic-geometry results. Our references for 
algebraic geometry will be [16]. For a set S C C[Zi, Z2, ■ ■ ■ , Z n ], denote by V(S) the 
variety (i.e., common zero set) of S in C n . For each prime ideal Q in C[Zi, .... Z n ], 
the variety V(Q) is irreducible. The topology considered on complex spaces will be 
the Euclidean topology. We shall need the fact that, for each irreducible variety V 
and each variety W not containing V, V \ W is dense and (relatively) open in V 
[161 Chapter IV, Theorem 2.11]. 

Notation. For clarity, we shall use Xi, Yj for variables, Xi, yj for complex numbers, 
and a,i , bj for elements of an algebra. When there is no ambiguity, we shall use 
boldface characters to denote tuples of elements of the same type; for example, we 
set 

X = (X 1 ,X 2 ,...,X m ) or y = (yi,...,y n )- 

In the case where X = (Xi, . . . ,X m ), we also denote by Cx the corresponding- 
space C m . 

Lemma 6.1. Let m,n G IN, and let Q be a prime ideal in C[X,Y], where X = 
(Xi, . . . , X m ) and Y = (Y\, . . . , Y n ). Consider Qx — Q H G[X] as a prime ideal 
in G[X]. Let V be the variety ofQ, and let Vx be the variety of Qx- Let tt be the 
natural projection Gx.y —> Cx- Then it : V — > Vx and there exists a dense open 
subset U of V such that tt : U — > Vx is an open map. 

Proof. Obviously, it : V — > Vx- Without loss of generality, let (Xi, . . . ,Xk) be a 
transcendental basis for <C[X] moduloQx- We consider C fe = Cx 1 ,...,x h - Denote by 
7Ti the natural projection Cx,y — > C fc , and by 7r 2 the natural projection Cx — > C fe . 

By [T7J, Lemma 6.3], there exist dense open subsets U and Ux of V and Vx, 
respectively, such that tti : U — * C fe and 7T2 : Ux — * C fc are open maps. Inspecting 
the proof of [17l Lemma 6.3], we see that Ux can be chosen as Vx \ Vo, where Vo 
is a proper subvariety of Vx , and that 7T2 is even a local homeomorphism from Ux 
onto an open subset of C h . Since Vq has dimension at most k — 1 [16l Chapter IV] , 
we can further require that 

^ 2 (c/x)n^ 2 (Vx\c/x) = 0. 

Let W = 7Ti([7) n TT2(Ux). Then W is an open set in C fe . It can be seen that W 
is dense in 7Ti(f7). Set 

U' = UO^ l {W). 

Then U' is a dense open subset of V. Let (x, y) e U'. We can see that it : U' — > Vx 
is an open map. □ 
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Proposition 6.2. Let A = Co(fi) for a locally compact space SI, and let be a 

non-empty compact family of non-modular prime ideals in A. Suppose that each 
chain in is countable. Then there exist a cardinal k, a free ultrafilter U on k, 
and, for each P a homomorphism Op : A — > (<D K /W)° such that: 

(a) ker P = P (P e and 

(b) the set {Op {a) : P G ty} is finite for each a G A. 

Proof. Note that A must be non-unital. Since each P G is a non-modular prime 
ideal in A, it is a prime ideal in A#. For each Q G 0, set 

q = {Pg0: PcQ}, 

and set Iq — f] 0q. We start the proof with some lemmas: 

Lemma 6.3. Let Q» C Q* G 0. Let A* D A* be subalgebras of A such that 
A* n Q* C Iq* , and A* fl Q* = Iq^ . Suppose further that A* + Q* = A. Lei £ &e 
a chain in 0q* where each ideal in £ contains Q*. Then, for each Q £ £, we can 
/md a subalgebra Aq C A, suc/i £/ia£ f/ie following conditions is satisfied: 

(i) A Q n Q = Iq and A = A Q + Q (Q G C); 

(ii) /or eac/i Q\ C Q2 G £ ; me /lave A* D ^4q x D ^4q 2 D A* . 

Proof. Assume toward a contradiction that the lemma fails. Let A*, A*, 

and £ be as above and such that the lemma fails and that o(£) is smallest. Propo- 
sition [STU implies that £ must be infinite. 

If £ is order isomorphic to lo the first infinite ordinal; say 

£ = {Qi c Q 2 c • • • } . 

Then, Proposition 15.91 enable us to construct (Aq^) inductively. 

In general, we index £ increasingly by a G o(£), so that £ = (Q a )- There exists a 
sequence (a„) in o(£) converging in the order topology to 7 = supo(£). If 7 G o(£), 
we can, by Proposition 15.91 construct Aq first. As in the previous paragraph, we 
can (then) find Aq^ (n G IN) satisfying both the conditions (i) and (ii). The a„'s 
divide o(£) \ {7} into chains which are order isomorphic to ordinals strictly smaller 
than o(£). The minimality of o(£) then allows us to find Aq (Q G £) satisfying the 
conditions (i) and (ii). 

Thus, in any case, we have a contradiction. □ 

Lemma 6.4. For each Q G Q, we can find a subalgebra Aq C A such that the 
following conditions is satisfied: 

(i) A Q nQ = I Q and A = A Q + Q (Q e 0); 

(ii) for each Qi C Qi G 0, we have Aq 1 D Aq 2 . 

Proof. This follows from Zorn's lemma, the fact that all prime ideals containing a 
given prime ideal form a chain, and the previous lemma. □ 

Let k be the set of all tuples of the form (5; <S; a±, . . . , a m ), where S > 0, is a 
non-empty finite subsets of 0, and (ai, . . . , a m ) is a non-empty finite sequence of 
distinct elements in A. Define a partial order -< on k by setting 

(5;<5;a 1 ,a 2l ■ ■ ■ ,a m ) -< (6'; <§'; a[, a' 2 , . . . , a' m ,) 

if 5 > 5' , C &, (ai, . . . , a m ) is a subsequence of (a[, a' 2 , . . . , a' m ,). Then (k, -<!) is 
a net. Fix an ultrafilter U on k majorizing this net. 
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Lemma 6.5. For each w — (5; 25; <zi, . . . , a m ) G K - Then we can find, for each 
P G 25, a finite sequence of complex numbers 

T P (W)=X^ = (X[ P \...,X£ ) ) 
satisfying all the following conditions: 

(i) p(x^ P) , . . . , a^ P) ) = for each p G C[Xi, . . . , X m ] with p(a\, . . . , a m ) G P; 

( p) 

(ii) for each 1 < k < m with ^ P , we have x k ^ 0; 

(iii) |4 P) | < 8 (1 < k < m). 

(iv) /or eac/i 1 < /c < m and each P C Q G (3 smc/i f/ia£ G Ag, we have 
JP) _ T (Q) 

Proof. For each P G ©, set a p = (oi, . . . , a m ) n and set X p = (Xj : G Ap). 
Without loss of generality, we can assume that none of these is empty. Note that, 
when P C Q G © then a Q C a p and X Q C X p . 

Denote by irp the projection from Cx onto G x p, and ttpq the projection from 
Cx F onto C X Q (P C Q G 25). We also conveniently consider C^p's as subspaces 
ofCx- 

For each Q G 23, define Q = {p G C[X] : p{a) G Q}, and 
= {pGC[X°]: p{a Q ) G Q j . 

We see that for P C Q G 0, P C Q are prime ideals in €[X], and Q = Qn <D[X Q ] 
is a prime ideal in C[X^]. Also, since Aq HQ — Aq n P for each P C Q G 25, we 
see that 

Q = \p G C[X Q ] : p(a Q ) G p} = P n C[X Q ]; 

and thus Q = C[X Q ] n P. 

It follows from Lemma RTT1 that there exist, for each Q G 25, dense open subsets 
Uq of V(Q) and Wq of V(Q), respectively, such that: 

• 7tq : ?7q — > T/Fq is an open map; 

• 7tpq : T'Fp — * Wq is an open map (P C Q G 6). 
(We have only finitely many varieties here.) 

For each Q G 25, set 

Vq = (J {x = (xi, . . . ,x m ) : x r = 0} . 

l<r<m, a,,^Q 

Then Vq is a variety which does not contain V(Q), and so V(Q) \ Vq is also a dense 
open subset of V(Q) because V(Q) is irreducible. Therefore, J7q \ Vq is again a 
dense open subset of V(Q). 
Set 

A = {a; = (x-i, . . .,x m ) : \x r \ < S (1 < r < m)} . 

Finally, set Uq — (Uq \ Vq) n A and W'q = Wq fl A . Note that the origin is in 

V(Q) and V(Q) (Q G 25). So C/q (respectively, Wq) is a non-empty open subset of 

V(Q) (respectively, V(Q)). 

Choosing any G Uq will ensure the conditions (i), (ii), and (iii) are satisfied. 

Fix P C Q G 25. Since U P \ V P is dense in V(P) and U' Q C V(Q) C V(P), we 
have kq(U p )^itq(Uq) is dense (and open) in ttq(Uq) (which is open in Wq). Note 
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that kq{U'p) = tvpq[ttp(U' p )]. In fact, we see that for every dense open subset D 
of TTp(U P ), ttpq(D) n 7tq(C/q) is dense and open in itq(Uq). 

Thus, we can define dense open subsets Dq of kq{U'q) as follows: For P minimal 
in (3, set Dp = ttp(U' p ). Then, define inductively, 

d q = n *PQ(Dp)n* Q {U' Q ). 
Pee, pcq 

The non-emptiness of D' P s allows us to choose x^' G U'q such that the condition 
(iv) is satisfied (inductively, starting from the maximal elements in 0; note that 
the prime ideals containing a given prime ideal form a chain). □ 

For each P £ 0, define £p : A — > C K as follows: For each a £ A and each 

w = (<5; <S;ai, . . . ,a m ) S k, 

if P £ © and if a is in (ai, . . . , a m ), say a = (there is at most one such k), then 
£p(a)(w) — Tp(w)(k); otherwise, £p(a)(w) = 0. Define 0p(a) to be the equivalence 
class in <C K /U containing £,p(a). 

Let P G 0. By Lemma I6.5f i). the map #p is an algebra homomorphism and 
P C ker 9p; by combining this with Lemma IbTST ii). we see that ker^p is exactly P. 
By Lemma f6.5f iii). the image of 9p is contained in (C K /U)° '. By Lemma f6.5( iv). 
for each P C Q G and each a G Aq, we have Qp{a) = 9q{cl). 

Let (P n ) be any pseudo-finite sequence in 0, and let Q = (J^Li ^n- Let o£ A 
Write a = 6 + x, where b G Aq and x £ Q. Then x £ P n for n > no, for some 
no- Therefore, for n > n , 8p n {a) — 0p n {b) — OqQ)). Thus, the sequence (0p n {a)) 
is eventually constant. 

Finally, assume toward a contradiction that the set {9p(a) : P £ 0} is infinite 
for some a £ A. Let (P n ) be a sequence in such that all 0p n (a) (n £ IN) are 
distinct. By the compactness of 0, (P n ) contains a pseudo-finite subsequence (P n J- 
However, the previous paragraph shows that the set {9p n , (a) : i £ IN} is finite. This 
is a contradiction. 

This finished the proof of Proposition E2I D 

Remark. The idea of the above proof originate from the approach in [7] of the 
theorem of Esterle on embedding integral domains into radical Banach algebras. 

We are now ready to prove our main results. 

Theorem 6.6. Let £1 be a locally compact space. 

(i) Let 9 be a homomorphism from Cq(O) into a radical Banach algebra R. 
Then ker# is the intersection of a relatively compact family of non-modular 
prime ideals in Cq(O). 

(ii) (CH) Let L be the intersection of a relatively compact family of non- 
modular prime ideals in Co(O) such that I is also the intersection of a 
countable family of prime ideals. Suppose that 

\Co(P)/l\ = c. 

Then there exists a homomorphism 9 from Cq(£1) into a radical Banach 
algebra such that ker 9 = L. 
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Proof, (i) Since 9 maps into a radical algebra, we see that ker#:/ is non-modular 
for each / £ Co(^). In this case, Theorem 11.11 shows that kei9 = 1(9), and so, it is 
an abstract continuity in Co(O). The result will then follow from Corollary 14. 12f iV 

(ii) Let <P be a relatively compact family of non-modular prime ideals in Cq(Q,) 
such that / = P| Cp. We can assume that <p ^ 0. By keeping only the minimal 
elements in ^P, we can suppose that P <f_ Q (P ^ Q £ <P). Since / is the intersection 
of a countable family of prime ideals, by Lemma 15. 6\ we see that ^ is countable. 
Let be the set of all the ideals that are unions of (countably many) prime ideals 
in <p. It is easy to see that every chain in is countable. 

Let 9p : Co(Cl) — > (C K /U)° (P £ 0) be homomorphisms as in Proposition 16.21 
Let B be the subalgebra of (<D K /U)° generated by all the images of 6p (P £ 0). 
Then B is a non-unital integral domain. We also have 



|J {9 P (a) : P£Q} 

aSCo(f2) 



c ; 



\B\ = 

Pea 

since, for each b £ a + /, we have 

{6 P (b) : P£Q} = {6p(a) : PeO}, 

which is finite. Thus [TT] there exists an embedding ip : B — > R where Rq is 
a universal radical Banach algebra; for example, Ro = L 1 (R + ,w) for lu a radical 
weight bounded near the origin. 
Consider the following map: 

9 : C (O) -> J]^ i? , uw((^o 6» P )(a) : P e O) . 
Pea 

Then is a homomorphism with kernel f] = /. We see, by Proposition 16.21 that 
the image of 9 is in ^°°(0, Ro), and indeed is in its radical R. Thus 9 : Co(f2) — > i? 
is the required homomorphism. □ 

Theorem 6.7. Let Q be a locally compact space. 

(i) Let 9 be a homomorphism from Cq(Q,) into a Banach algebra B . Then 1(9) 
is the intersection of a relatively compact family of prime ideals in Cq(CI). 

(ii) (CH) Let I be the intersection of a relatively compact family of prime 
ideals in Cq(Q) such that I is also the intersection of a countable family of 
prime ideals. Suppose that 

\c (n)/i\ = c. 

Then there exists a homomorphism 9 from Cq(£1) into a Banach algebra 
such that T(9) = I . 

Proof, (i) The continuity ideal 1(9) is an abstract continuity ideal in Co(fi). The 
result will follow from Corollary |4.12f i). 

(ii) Let *|3 be a relatively compact family of prime ideals in Cq(Q,) such that 
I = P|?p. We can assume that ^ 0. As in the previous proof, we can assume 
that *P is countable. 

Denote by *Po the set of non-modular ideals in *}3. Let 0' be the collection of all 
the ideals that are unions of (countably many) prime ideals in ?p\ ^Po- By Lemma 
15.71 0' has only finitely many roofs. Denote by Qi, . . . , Q n the roofs of 0', and set 

qJi = {Peq3\q3 : p c Q l }. 
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Let 1 < k < n. First, it is easy to see that Qk is a modular prime ideal. Pick a 
modular identity u for Qk, and pick a (fc Qk. Then a — au G Qk, and so, by Lemma 
15.81 there exists v € Qk such that a — au — av G H^Pfc- It follows easily that u + i> 
is a modular identity for f] tyk denote it by Uk ■ 

Theorem 16.61 shows that there exists a homomorphism 9q from Cq(£1) into a 
radical Banach algebra Rq such that ker#o = Pl^Po- Similarly, for each 1 < k < n, 
there exists a homomorphism 8k from Mk into Rk such that her 9 k = H^Pfci where 
Mfc is the maximal modular ideal containing Qk ■ We extend Ok to a homomorphism 
from Cq(O) into R# by setting 9k{uk) = &R k - It still remains that ker^. = H^Pfc- 

It follows from the result of Bade and Curtis that l(9k) = ker^ (0 < k < n). 
Thus the homomorphism 9 : Co(£l) — > Ill—o defined by 9(a) — (9 (a), . . . , 9 n (a)) 
satisfies 1(6) = fXLo^^k) = C)¥ = I- □ 

Remark. In Parts (ii) of Theorems l6 ,6l and l6 . 7[ we only need that J is the intersection 
of a relatively compact family *}3 of prime ideals where every chain in the closure 
of *p is countable (see Proposition 16. 2p . 

7. Examples on metrizable locally compact spaces 

For examples of pseudo-finite sequence of prime ideals in Co(O) for f2 metrizable, 
see |17j . Obviously, unions of finitely many pseudo-finite families are relatively 
compact. In this section, we shall construct relatively compact families of prime 
ideals that are not unions of finitely many pseudo-finite families. 

Let k be a well-ordered set. Set = n. For each n G IN, define inductively 
as the set of limiting elements in k^™ -1 ). We shall only consider those k for which 
— for some n G IN. This condition force n to be countable. Lets call the 
largest integer d for which ^ the depth of n. For simplicity, we also suppose 
that k has the largest element, maxK, and that «W = {maxK}. Otherwise, we can 
always replace k by a bigger well-ordered set. 

For each a € k define ^(a) to be the largest integer I for which a G K^ l \ We 
define a partial order -< on k as follows: For each a,f3 G k, we write a -< (3 if (3 is 
the smallest element in k with the properties that [3 > a and that l((3) = 1(a) + 1. 
We define another partial order « on c as follows: For each a, [3 € k, we write 
a <C (3 if there exists a finite sequence a = 71 -< 72 ~< • • • -< 7n = ft- Note that if 
(3 -C a and /3 < 7 < a then 7 <C a. 

Lemma 7.1. Lei ^4 fee a commutative algebra and Q be an ideal which either is 
prime in A or is A itself. Suppose that we have (f a : a 6 n) C Q and a semiprime 
ideal I C Q such that 

(i) f a $ I and I:f a C Q; 

(ii) faf/3 G I whenever both a ^t. f3 and [3 -^C a; 

(iii) if gf a € I then gfp G / /or aZ/ /3 <C a; 

(iv) if 1((3q) = 0, (3q <C a, Aj 7^ a ff/^o e ^ ^ erl ^ ere exists /3i <§; a suc/i 
£/ia£ = and that gfp G / /or all (3\ < (3 < a with l((3) = 0. 

T/ien t/iere exist prime ideals (P a : a € n) satisfying that: 

(a) f a $ P a and I:f a C P a C Q: 

(b) ^ = U /3 <a,^ a ^; 

(c) if g £ P a then there exists /?i <C a smc/i t/iat l(j3i) = and i/iai g £ Pp for 
all Pi < 13 < a with l((3) = 0. 
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Proof. We prove by induction on the depth d of k. 

When d = 0, k = {0}. The conditions (i)-(iv) reduce to I being semiprime, fo^I 
and I:fo C Q. It follows that I n {/ fe , / fe / : k > 1, / G A \ Q) = 0. Therefore, we 
can find a prime ideal Po such that Iq C Pq C Q and / ^ Po- We see that P is 
the required prime ideal. 

Now, suppose that the result hold for all the depth less than d. By Zorn's lemma, 
we can choose a semiprime ideal J containing / such that J is maximal with respect 
to conditions (i)-(iv). 

Claim 1: If f ^ Q then J:f = J. Indeed, it is easy to see that J:f is semiprime 
and satisfies conditions (i)-(iv). So the maximality of J implies J:f = J. 

Claim 2: If f ^ J then J:f C Q. For otherwise, there would exist g G J:f \ Q, 
and so / G J:g = J, by Claim 1; a contradiction. 

Set P — Uogk J -fa- Then P C Q. Condition (iii) implies that 

p= U J: /« 

and condition (iv) implies that P is an ideal. 

Claim 3: If f ^ P then J:f = J. Indeed, it is easy to see that J:f is semiprime 
and satisfies conditions (i)-(iv) (the less obvious one is (i), however, since / ^ P, 
ff a $ J, and so f a £ J:f and {J:f):f a = J:ff a C Q by Claim 2). So the 
maximality of J implies J:f = J. 

Claim 4: P is either prime in A or A itself. Indeed, if /, g ^ P, then, by Claim 

3, 

g i |J ./:/„ = (J i ./:/;:./;. = P:f. 

Thus fg£P. 

Let a± < c<2 < ■ ■ ■ be the non-limiting elements in their limit is max«. Set 

K\ = {a G K : a < cti}, and, for each n > 2, set K n = {a G k : a. n -\ < a < a n }. 
Each n n has depth d—1, and k = U^Li K n U {rnaxc}. 

For each n G IN, we see that (/ Q : a G « n ), J, and P satisfy (/ Q : a G « n ) C P, 
J C P, and conditions (i)-(iv) (with K n replacing k, J replacing /, and P replacing 
Q). So, by induction, there exist prime ideals P a (a G n n ) satisfying the conditions 
(a)-(c) (with obvious modification). Set P maX K = P- 

Note that if [3 -C a < maxK then both a and /3 belong to the same K n for 
some n G IN. We see that the combined sequence (P a : a G n) obviously satisfies 
the conditions (a)-(c) (with J replacing /); the only one need to really check is 
condition (c) when a = maxK, however, this case follows from the facts that J:(3 C 

P/3 C Pmaxftj that 

Pmax k — J 

and that J satisfies condition (iv). □ 

Now, let ft be a metrizable locally compact space. We define a non-increasing 
sequence (d^Of 1 : n G Z+) of compact subsets of & as follows: 

(i) put d^fl b = fi b ; 

(ii) for each n G Z+, define <9( n+1 ^ b to be the set of all limit points of d^nK 
Define = f| {<9( n )fi b : n G Z+}. By the compactness, either is non- 
empty or is empty for some I G Z + . 
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In what follows, the hypothesis that p G d^°°^Q b is necessary, because of [17j 
Proposition 8.7]. 

Theorem 7.2. Let ft be a metrizable locally compact space, and let p G cX 00 )^ . 
Lef k be a well-ordered set as above. Then, there exist a sequence of prime ideals 
(P a : a G k) in Cq(Q), where each ideal is supported at p, and a sequence of 
functions (f a : a G k) in Cq(Q) satisfying the following: 

( a ) fa 4- Pa and fp G P a whenever both (3 ^ a and a <jt. (3; 

(b) P a = {Jp <a ,^ a P0; 

(c) if g G P a then there exists /3i <§; a such that l((3\) = and that g £ Pp for 
all Pi < (3 < a with = 0. 

Proof. Set kq = {[3 G k : l{(3) = 0}. For each (3 £ K\{max/c}, there exists a unique 
a G k such that /3 -< a; the set {7 : 7 -< a} is order isomorphic to IN, and so we can 
define t((3) to be the natural number corresponding to (3. For each (3 £ kq, there 
exists a unique sequence (cti, . . . , ay_i) £ k such that 

/3 -< «i -< • • • -< a^-i -< max k; 

set w(/3) = max {£(/?), i(ai), . . . ,t(ad-i)}- Note that, for each k G M, 

I {a G k : w{a) < k}\ = k d . 

Adjoin 00 to IN to obtain its one-point compactification lN b . Define S to be the 
subset of the product space (]N l, ) KQ consisting of all elements (n a : a £ kq) with the 
properties that there exists a finite set F C ko such that n a = 00 (a G Kq \ F) and 
such that n a > max{u>(/3) : (3 G F} (a G «o)- It is easy to see that S is a closed 
subset of (!N b ) K °. Since k must be countable, the space 5 can be embedded into 
such that 00 = (00, 00, . . .) is mapped into p (similar to the proofs of [171 Lemmas 
9.1 and 9.2]). Thus we only need to find a system of prime ideals (P Q : a G k) 
and functions (f a : a £ n) satisfying condition (a)-(c) in C(H) such that all P a are 
supported at 00. 

For each a G kq, define 

Z a = {(j/3)/3e Ko e S : ia = OO} , 

and for a £ k\ kq, define 

Z a = f) ^3- 

/3<q, J(/9)=0 

Then choose / Q G C(S) such that Z Q = Z(/ Q ). Let to be the z-filter generated 
by all Z a U Z (i (a, (3 £ k, a ft and (3 ft a). Then define I = Z -1 ^. Obviously 
/ is a semiprime ideal, / C Moo, an d (f a ■ a £ n) C Moo. 

We shall prove that (f a ), I, and Moo satisfy conditions (i)-(iv) of Lemma \7. II 
The result then follows by applying that lemma. 

First, for each 7 G K, f G J:/ 7 if and only if 

n 

Z(/)UZ 7 D f| (2 at U%), 

k=l 

where, for each k, at 5^ /?& and ^ a^. We see that, for each k, one of the 
following three cases must happen: (1) 7 and 7 oifc, (2) 7 ^ /3fc and 
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(3k it 7, (3) ak < 7, (ik < 7, a/c <jt (3k and /3fc ^ ctk- Thus, we see that 

r s 

z(/) u z 7 d f| z ft n f) (^uz f] ), 

where, for each i, ft 7 and 7 yti Qi, and for each j , <jj -C 7 ', $j -C 7 ', <7j ^ ?j and 
Cj (Tj. It follows that Lemma \7. If i) holds: / 7 ^ / and 7:/ 7 C Moo (7 6 k). It is 
easily seen that conditions (ii) and (iii) of Lemma 1 7 . 1 1 are satisfied by the definitions 
of / and Z a 's. 

Now, let (3 , a S k and let g S C(H) be such that /(/?o) = 0, (3q <§; a, (3$ 7^ a and 
<?//3o S J then, from the previous discussion, noting that 1((3q) = 0, we have 

r 

Z(g)UZ Po Df]Z Bt ; 

i=i 

where, for each i, (3o <jt Qi (and soaj^ ft). This implies that 

r 

2(g) Df]z et n f) Z 7 . 

i=l l(j)=0,w(j)<w{[3 ) 

Without loss of generality, we assume that ft <C a (1 < i < k) and Qi <4C a 
(k < i < r). Choose (3\ to be the smallest element in n with respect to the 
properties that l{(3\) = 0, j3± < a, (3\ > max {ft : 1 < i < fc}, and that 

(3\ > max {7 S k : 7 <C a and ^(7) < w(/3o)} 

(it is easy to see that there exists such an element). It follows that (3\ <C a. Let 
(3 € Ko be such that (3i < (3 < a. We see that /3 -C a, and so Qi ^t (3 (otherwise, 
ft = /3 <C a), and also (3 <jt Qi (otherwise, either ft <C a or a <C ft) for 1 < i < r. 
Obviously, /3 7 and j </t (3 for each 7 6 «o with ^(7) < u>(A))- Thus 

r 

z(<?) u d f| uzrfn f| (Zj u Z/3) e J 7 ; 

i=l /(7)=0,to( 7 )<^(/3 ) 

and so g/g € /. Hence, Lemma [77TJ (iv) holds. This finishes the proof. □ 
Remark. Since the cardinality of C(S) is c, we see that 

Co(fi) / f| Pa 

Proposition 7.3. The family of prime ideals {P a : a <E k} constructed in Theorem 
\7.S\ is compact. If moreover the depth d of k is bigger than I, then f] aeK P a is 
not the intersection of any family that can be decomposed into only finitely many 
pseudo-finite subfamilies of prime ideals. 

Proof. Consider the order topology on k. Then k is a compact metrizable space. 
Each sequence in k has a convergence subsequence. The following claim will show 
the compactness of {P a : a 6 «}. 

Claim: For each sequence (a n ) converging to a, there exists no such that (P an ■ 
n > no) is a pseudo-finite sequence whose union is P a . Proof: Without loss of 
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generality, we assume that a n ^ a (n £ M). There exists no such that a n *C a 
(n > no). We see that P an C P a (n> no) and 

P a = |J P/9. 

/3<q, i(/5)=0 

So, for each g £ P a , by Theorem 17. 2f c). there exists ft < a such that l((3i) = 
and that g £ Pp for all ft < f3 < a with l({3) = 0. Choose m such that a n > (3i 
(n > ni). For each n > n\, pick /3' <C a n and ^(/?') = 0. If f3' < f3i, then 
01 <C a n , and so g £ Pp 1 C P an . Otherwise, (3\ < /3', then g £ Ppi C F Q „. Thus, 
(P« n : n > no) is a pseudo-hnite sequence whose union is P a . 

Suppose that / = Hqgk P<* 1S tne intersection of a family *p that can be de- 
composed into finitely many pseudo-finite subfamilies of prime ideals. By keeping 
only the minimal elements of ^P, we can assume that P <£ Q for each P ^ Q e 
Lemma 15.61 shows that, for each P £ there exists fp^P but fp £ Q for all 
Q £ *P \ {P}- This and Lemma T4.8I then implies that is the set of prime ideals 
of the form I:f for some / £ Co(H). Similarly, {P a : a £ k, 1(a) — 0} is the set of 
prime ideals of the form I: f for some / £ Co(^)- Thus 

<P = {P a : a £ k, 1(a) = 0} , 

and obviously this cannot be the union of any finite number of pseudo-finite families 
when the depth of k, is bigger than 1. □ 
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